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Abstract— In certain range of crack interval ratio and crack 
width ratio, the neighboring cracks will affect the changes of 
stress field interaction around the crack tip, thus induced 
significant changes in stress intensity factor. In this study, the 
elastic crack interaction limit for finite cracked body was 
simulated using global and local model approach. The interacted 
stress intensity factor variation is evaluated using direct method 
and strain energy release based using finite element analysis. It 
was shown that crack interval ratio and crack width ratio were 
both important parameters to determine the crack interaction 
limit. The determined crack interaction limit also has a good 
agreement with published results from open literature. 

Keywords-stress field interaction; stress intensity factor;crack 
interaction limit 

I.  INTRODUCTION  
The elastic crack interaction relies on mode of loading and 

geometrical parameters such as type, quantity, shape, length, 
location, and orientation of the cracks. In particular, the 
different geometrical parameters of multiple cracks produce 
varies of elastic crack interaction, which mainly contributes to 
different intensity of stress shielding and stress amplification 
[1]. The changes of elastic crack interaction will significantly 
affect the change of stress intensity factor (SIF) at the multiple 
crack tips. The details on multiple cracks effects in mechanical 
structures are explained with examples by [2]. Under static and 
cyclic loading condition, the SIF decreases when subjected to 
stress shielding effect and SIF increases in influenced of stress 
amplification effect. In multiple cracks configuration, the crack 
interaction behavior has been discussed in details by [3, 4] 
based on stress shielding and amplification effect in different 
orientation and configuration.  

The analytical SIFs solution based on linear elastic fracture 
mechanics (e.g. direct methods, energy based methods, 
singularity function methods, superposition methods and 
boundary integral methods) for single crack in cracked body 
are only applicable at the region of zero elastic crack 
interaction. In non-zero elastic crack interaction, the above 
SIFs formulation needs further modification and integration 
with other approach for multiple cracks interaction evaluation. 
The boundary interaction point between zero and non-zero 
elastic interaction is still in research. The analytical 

superposition formulation of SIFs to determine the stress crack 
interaction has been presented by Kachanov [3], a notable 
contribution to understand the elastic crack interaction 
behaviour is defined by presenting a significant  multiple 
cracks and microcracks formulation for an arbitrary number 
and location of two-dimensional and three-dimensional cracks 
under far field tension. The formulation is based on crack 
tractions, where the traction of any single crack will be the 
combination of traction induced by applied remote loading and 
tractions by other cracks or microcracks. The actual traction of 
combined traction is assumed and computed as average 
traction. However, the Kachanov formulation encountered 
some limitation since the method neglected the interaction of 
the tractions of non-uniform components [5]. This traction 
problem is found to encounter some difficulties in 
superposition   process at closer crack interval ratio [6]. At 
higher crack interval ratio, the SIFs prediction is notified to be 
more reliable and accurate. However, Kachanov approach is 
still not applicable for generalization since its need large data 
preparation to automate [7].  

Presently, two most applicable SIFs numerical approach for 
single crack in body are boundary element method (BEM) and 
finite element methods (FEM). In the context of interacting 
cracks assessment, FEM has been widely used to evaluate the 
SIFs compared to BEM. In SIFs executions, BEM is very fast 
in computational time and cost due to less equation to be 
solved and only the boundary model is involved. However, if 
the interaction between cracks is considered, the whole finite 
body domains need to be accounted in governing the 
differential equation. Thus, BEM approach is on contrary with 
crack interaction parameters to be measured. Meanwhile, FEM 
offers more flexible and complete solution to cover entire 
solution domain. FEM has been successfully integrated with 
direct method [8, 9], energy based method [10], singularity 
functions methods[11].  

In this study, elastic crack interaction simulations were 
carried out to investigate the effect of crack interval ratio and 
crack width ratio on the determination of elastic crack 
interaction limit. The finite element (FE) analyses were 
conducted to evaluate SIF of interacting two straight edge 
cracks in parallel position. Direct method and singularity 
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meshing is employed for meshing continuation and energy 
release rate method were employed for SIFs calculation at the 
two crack tips. Then, the effect of crack interval ratio and crack 
width ratio on elastic crack interaction behavior was discussed 
based on the simulation results. Finally, the elastic crack 
interaction limit was discussed. 

II. INTERACTING CRACKS SIMULATION 

A. Recent Crack Interaction Issues on Parallel Cracks 
In parallel cracks, the crack interaction will reduce as the 

crack interval increases, thus resulting in linearly decrease of 
stress shielding effect before converge at certain values. Figure 
1 shows the variation of stress shielding effect σs and stress 
amplification effect σa on finite body containing two edge 
cracks. 

 
Figure 1. Variation of stress shielding effect on finite body containing 

cracks 

 

Under loading condition σ∞, the interacting cracks induce 
the changes of stress field which translates into stress shielding 
effect. The interaction will keep reacting until it reaches at 
certain crack interval ratio called crack interaction limit. It can 
be identified by a convergence stage of SIFs, as defined by 
modified Kachanov approach [5]. The convergence of SIFs is 
identically justified by Schmidt method [12], the method 
depicted the same pattern but the method has shown the 
reduction of stress shielding effect in approximately 
polynomial trendline before converging of SIFs. Based on 
above research outcome, it can be prescribed that all analytical 
formulation is objectively aimed for crack interaction limit 
justification, direct or indirectly. 

The converging of SIFs is important since it indicated the 
limit of elastic crack interaction. The important of crack 
interaction limit is actually notified by  [10].  By a set of 
experimental data, an analytical formula is presented for 
multiple two strips parallel edge cracks. A set of non-
dimensional SIFs or correction factors Fn has been outlined 
based on crack interval ratio (b/a) and crack width ratio (a/W) 
basis. The formulation is defined based on the extensive FE 
analysis of multiple parallel edge cracks in finite body using J-

integral path independent formulation [13] at the both crack 
tips. By comparison, the proposed analytical method is likely 
to converge very fast with approximately constant value of 
SIFs. It can be clearly observed at higher crack interval ratio 
(b/a) and crack width ratio (a/W).  

In general, the degree of elastic crack interaction increases 
as the crack interval ratio (b/a) decreases and vice versa. 
Similarly, the interaction between cracks enlarges the crack tip 
SIF and degrades the crack extension resistance of material 
[14]. Present simulation work focused on effect of crack 
interval to elastic crack interaction limit. Thus, the 
investigation will only consider the elastic crack interaction of 
non-crack propagation. 

 

B. Finite cracked body model 
Two straight edge cracks were assumed to be on a plate 

which had a constant thickness t, height H and width W as 
shown in Figure 1. The horizontal distances of the plate 
represented by distance between crack lines to plate edge hi and 
crack interval bi. The crack length of C1 and C2 is denotes as ai 
and a2, respectively.  The whole plate is subjected to static 
uniaxial loading of magnitude σ0.  

 
Figure 2. Geometry of a plate containing two edge cracks 

 

A direct method is one of LEFM approach to determine 
SIF. It is straightforward finite element analysis which 
incorporating meshes refinement to body area and around the 
crack tip. The SIF is determined by calculated displacement 
and stresses at the crack tip. In present work, the meshing 
arrangement procedure of direct method is reformed into global 
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mesh and local mesh to represent coarse mesh and fine mesh, 
respectively, as shown in Figure 3. Local mesh is set to 8-node 
quadrilateral elements and local mesh is modeled using 
collapse 8-node quadrilateral element or 8-node triangular 
wedge element as illustrated in Figure 4.  

 

 
Figure 3. Global and local mesh mapping 

 

 
Figure 4. Actual global and local mesh of finite body 

 

C. SIFs calculation using J-integral 
 The FE analysis is defined in pure Mode I loading 
condition with specified material, Alloy 7475 T7351 solid 
plate with constant thickness, homogenous and isotropic 
continuum material, linear elastic behavior, small strain and 
displacements, and crack surface are assumed to be perfectly 
smooth. Based on Von-Misses stress field generation in lower 
and upper region of multiple parallel cracks, the crack 
interaction is assumed not only rely on crack interval (bi/ai) 
and crack width ratio (ai/Wi).  The SIFs of stress shielding 

effecr or KI,s formulation should also consider the ratio of 
horizontal distance from crack tip to width (di/Wi) and the ratio 
of vertical distance from crack tip to crack length (hi/ai). 
Therefore, the crack interaction for all multilple parallel edge 
crack for Mode I SIF KI,s is expressed as:  

                 (1)  (5)                                                             

                  (2) (6)                                                             
in which Κ0 = �(�a)1/2 where Κ0  is the SIF for an isolated 
crack of length a in infinite sheet subjected to a uniform 
applied stress σo.  

The Eq. (1) and (2) are expected to universally able to be 
employed to any multiple parallel edge cracks in any 
continuum body, in any crack quantity, uneven multiple 
cracks length ai and uneven ratio of upper crack tip vertical 
distance (hi/ai). Thus, Eq. (1) is expecting to improved 
limitation of SIF definition by [10].  For all analyses, the 
thickness of the plate, t, was fixed and the value of W was 
changed according to the ratio of b/a and a/W.   

For all the cases,  ten countours of J-integral path 
independent contour line is created around the crack tips, as 
illustrated in Figure 4. The J value is computed as the average 
of all.  J-integral has the following expression: 

                                    (3) 

where ui is the displacement vector components and ds is the  
length increment along the any path Γ beginning at the bottom 
crack face and ending at the top crack face, W is strain energy 
density, traction vector Ti = σij nj given as σij is stress tensors 
and nj is the component of the unit vector normal to Γ, 
respectively.  

 

 
Figure 5. J-integral contour at both crack tips  

 

The potential energy perunit thickness π  can be defined as: 

                                          (4) 

where sT is the portion of the boundary where the traction Ti is 
prescribed. As the π decrease in a unit of crack extension δ in 
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plane, from crack tip 1 and 2 with fixed traction, the energy 
release rate G can be expressed as: 

                                             (5) 
The uniform crack advancing through a unit thickness in 

its plane justify that J is equal to energy release rate G [15].  
Figure 6 shows the assigned J-integral path at both crack tips, 
named as path 1 and path 2. By defining a mean value of J at 
each execution, the J value of crack interaction associated to 
stress shielding effect denotes as JI,s can be calculated. 

 

 
Figure 6. J-integral contour at both crack tips  

 

SIF value KI,s for all crack interval b/a is determined using the 
following equation. 

                                         (6) 

where  under plain stress and under 
plain strain, with  and  designating the Young’s Modulus 
and  Poisson’s ratio, respectively. The KI,s value is computed 
and executed by developed APDL macro code using ANSYS 
11 platform.  
 

III. RESULTS OF SIMULATIONS 
 

A. Non-dimensional SIFs Fs  and Fn  Comparison 
In present study, the new shape correction factor Fs is 

redefined based on Eq. (6) since it involved even cracks length 
ai and even length of hi. Hence, Eq. (6) can be simplified to : 

 
            (7) 

The J values obtained from FE analysis were first converted 
KI,s via Eq. (10) and then the function Fs was calculated by Eq. 
(7). For all the cases, the function of Fs or noted as non-
dimensional SIF KI,s/Ko in the graphs are plotted in Fig.7 
against crack interval ratio (b/a) in solid diamonds. The  

published Fn and present Fs are plotted as non-dimensional 
SIF (KI,s / Ko) in all figures for comparison [10].  

Fig. 7 shows the relationship between Fs and Fn in six 
different b/a ratios. In this figure, the dash-dash lines are 
referred to the Fn produced by analytical Jiang formulation. In 
Fig. 7, it can be seen that Fn prediction does not really 
compliance with the crack interaction theory as defined by [1] 
at a/W = 0.45 and 0.50. The effect of crack interaction in 
shielding mode represented by Fn should show about the linear 
ascending trend from b/a = 0.5 to 3.0.  Inversely, the Fn 
displayed dramatic increases of Fn at b/a = 0.5 to 1 before 
quickly converge starting at the value of Fn = 2.78 at b/a =1.5.  
The constant Fn is continue until b/a = 3.  

The value of Fn supposed to have linear relationship with 
the increase of b/a because of the even ratio of hi and di for all 
a/W. The increase and drop of Fn elucidates that the intensity 
fo stress field is intermittently change, thus displays the 
unstable mode of Fn prediction. This is slightly inaccurate 
since the material is set to be homogenous and isotropic in 
nature.  Based on Fig. 7, Fs has shown the consistent 
ascending of Fs value at all b/a values for both a/W = 0.5 and 
0.45 by exhibiting the almost about linear relationship. Unlike 
the Fn, the Fs value started to converge at b/a = 2.5 – 3.0, 
which slower than Fn. It proved the ability Eq. (6) to describe 
the crack shielding effect in more presentable in terms of 
correction factor Fs and SIF value. Furthermore, the  Fs 
trendline is in similar  to non-dimensional SIFs trendline as 
reported by [5]. 

 
 

 
 

Figure 7. Correction factor of present Fs J-integral and  published Fn  J-
integral at  a/W=0.5 and a/W=0.45 

 
 
In Fig. 8, the approximately similar constant value of Fn 

are displayed for a/W = 0.4 and 0.35 mainly at higher b/a,  1.5 
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≤ b/a ≤  3. Before that, at the region of crack interval b is 
smaller than crack length a, a dramatic increase of Fn as 
displayed in between the region of 0.5 ≤ b/a ≤ 1.5. In the view 
of SIFs descending pattern, it can be described that the 
projection line of Fn is actually experience different turning 
point which critically define the sudden drop in crack 
interaction, observed at b/a = 1 in Fig. 7 and b/a = 1 in Fig. 8. 
In other words, the shielding effect which analyzed using 
energy release rate defines a sudden effect at certain point or 
stage of crack interval b/a and crack width ratio a/W. 
Coincidently, it happened at the point of b = a.   

The above behavioral effect  is against the  shielding effect 
trend in continuum model which defined by Kachanov [16] 
and Kamaya [17]. However, the present non-dimensional SIFs 
Fs has exhibited the more reliable trendline without any 
sudden drop or increase of SIFs, and its theoretically having 
more linear relationship compared to Fn. 

 

 
 

Figure 8. Correction factor of present Fs J-integral and  published Fn  J-
integral at a/W=0.35 and a/W=0.4 

 
 

B. Elastic crack interaction limit 
Despite the J-integral calculation of Fn,  Fs depicts more 

consistent and closely rely on the elastic crack interaction 
theory. For all a/W, the Fs projection pattern is almost 
identical linear pattern for all b/a. There are no such sudden 
converge value of Fs as it approaching b/a = 3 to reach crack 
interaction limit region. It may be best to explain the elasticity 
of material definition as the elastic crack interaction decreases. 
This also indicates the faster achieving constant value of SIF 
is should be avoided. As the crack interval ratio b/a increases, 
the ascending region of SIFs which translates the descending 
region of elastic crack interaction must be balance with 
constant region of SIFs before the elastic crack interaction is 
diminished at the limit point. In this stage, the influence of 

crack driving force as define by GI in Eq. (1-2) may be 
neglected. 

Fig. 7 and 8 have shown that Fs is in the same pattern of 
SIFs behavior more identical to modified Kachanov approach 
[5]. The report has noted that  as the crack interval or distance 
between cracks increases, the effect of interaction  slowly 
diminishes, as KI,s ⟶ KI for two separate parallel and equal 
center cracks. The same behavior may be applicable for the 
parallel and equal edge cracks as presently studied.  

According to [10], the presented analytical formulation 
and FE analysis using J-integral has relationship accuracy at 
3% for edge cracks. If this range is taken as a reference, the 
present work accuracy is almost within the acceptable errors. 
In Table 1,  it can be identified that as the a/W  increases from 
0.25 to 0.5, which means the cracks and the size of plate 
getting bigger, the percentage errors are not exceeding the 2%, 
and still lower than 3%. The bigger errors which existed 
within 0.05 ≤ a/W ≤ 0.2 has resulted in errors in range of 
2.47% to 8.57%, the smaller the plate size with smaller cracks 
interval, the higher the errors.  

This expected result is happen due to high elastic crack 
interaction. These errors are much better compared to 
comparative analytical errors of original Kachanov[1] and 
modified Kachanov [5] which in the range of 2.05% to 
29.55%. Again, this is another critical issue which is not cover 
in details in this paper, since this paper more concern on crack 
interaction limit. 

 
 

TABLE 1.  Non-dimensional SIFs (KI,s /K0) for two edge crack under Mode I 
loading and the corresponding errors with analytical solutions 

 
b/a 3.0 
a 5.0 4.5 4.0 3.5 3.0 2.5 2.0 1.5 1.0 0.5 

a/W 0.5 0.45 0.4 0.35 0.3 0.25 0.2 0.15 0.1 0.05 

Present 
work 2.82 2.42 2.10 1.84 1.63 1.45 1.31 1.22 1.16 1.17 

[10] 2.77 2.39 2.08 1.84 1.64 1.48 1.35 1.25 1.15 1.08 
Error 
(%) 

1.74 
(+) 

1.42 
(+) 

1.09 
(+) 

0.38 
(+) 

0.48 
(-) 

2.09 
(-) 

3.52 
(-) 

2.47 
(-) 

0.76 
(+) 

8.57  
(+) 

 
 
For further verification, the comparison of present work 

elastic crack interaction limit and four other analytical 
methods is made. The commence point of converge stage will 
be the point that define the interaction limit. Consider b/a = 
3.0 as reference point, the same two edge cracks of [10] 
reported to converge at Fn = 2.78 at b/a = 1.5 to 3.0, whereas 
the current work start to converge at Fs = 2.82 at b/a = 3.0. 
This evident is clearly shows the limitations of analytical Fn 
formulation.  

Although analytical Fn formulation concluded the crack 
interaction limit is approximately at b = 3a, the Fn is actually 
converge to early, and it may inaccurate for homogeneous and 
isotropic material as defined. To support more on present 
work, comparison of Fs with another analytical formulation is 
made on the basis on two parallel cracks in finite body. The 
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original Kachanov [1], modified Kachanov [5] and most 
recent Schmidt Method [12] define the non-dimensional SIFs 
with polinomial trendline without such fast convergence as 
displayed by [10], but much rather identical to present work Fs 
, which defined the converge point at b/a ≈ 3 and above. 
Therefore, the present work has successfully determine the 
elastic crack interaction limit which start approximately at Fs 
= 2.82, since this is the stage of the convergence start to 
commence. In other words, the elastic crack interaction limit 
for two equal and parallel strip cracks in finite body is occur 
only when the interval between cracks is more than three 
times the crack length. Hence, if b > 3a, the two cracks may 
be considered as two single cracks since the elastic crack 
interaction between cracks is diminished. 

 

 

IV. CONCLUSION 
 

In present work, the objective is to formulate the solution 
for multiple parallel edge cracks in finite continuum body. In 
multiple crack interaction study, more emphasis on numerical 
work especially on the crack tip formulation is identified to be 
the specific area to focus.  The FE formulation of SIF that 
based on strain energy release rate which presently developed 
using J-integral approach having good agreement with four 
other published analytical works and has shown their 
significant contribution in evaluating of KI,s. The present J-
integral has proven the abilities to define the b/a > 3 and 
above as the point of elastic crack interaction limit. The 
accuracy of formulation is compared to Jiang’s results [10] for 
finite body case, Kachanov’s results [4], Gorbatikh’s results 
[5] and Yang’s results [12] for infinite body cases. The present 
findings also provides an improvement of numerical 
formulation of Jiang’s work to better display the crack 
interaction behavior of parallel edge cracks in finite body. 
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